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Abstract 

Acoustic torsion recently introduced in the literature (Garcia de 
Andrade,PRD(2004), 7,64004) is extended to rotational incompressible 
viscous fluids represented by the generalised Navier-Stokes equation. 
The fluid background is compared with the Riemann-Cartan massless 
scalar wave equation, allowing for the generalization of Unruh acoustic 
metric in the form of acoustic torsion, expressed in terms of viscos- 
ity, velocity and vorticity of the fluid. In this work the background 
vorticity is nonvanishing but the perturbation of the flow is also rota- 
tional which avoids the problem of contamination of the irrotational 
perturbation by the background vorticity. The acoustic Lorentz invari- 
ance is shown to be broken due to the presence of acoustic torsion in 
strong analogy with the Riemann-Cartan gravitational case presented 
recently by Kostelecky (PRD 69,2004,105009). An example of analog 
gravity describing acoustic metric is given based on the teleparallel 
loop where the acoustic torsion is given by the Lense-Thirring rota- 
tion and the acoustic line element corresponds to the Lense-Thirring 
metric. 
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1 Introduction 

The acoustic metric in fluids has been proposed by Unruh [1] in 1981 with the 
purpose of investigating more reahstic Hawking effect and sonic spectrum of 
temperature, which allowed him to proposed the concept of sonic black hole 
or dumb hole. More recently Garcia de Andrade [2] has extended this concept 
to allow for acoustic torsion, with the very strong constraint of irrotational 
perturbations in fluids originally already in rotation to compare the Euler 
fluid equations with the Riemann-Cartan (RC) wave equation to obtain the 
so-called analog gravity models [3] endowed with torsion. Actually the idea of 
applying non-Riemannian geometry in hydrodynamics is not new, but stands 
from Kazuo Kondo in 1947 [4] when he used the idea of non-holonomicity to 
investigate hydrodynamical turbo-machines, what is new here is that torsion 
here is used as analogous model for rotation, distinct from Kondo case where 
torsion appears, for example in the Boltzmann-Hammel equation [4]. Here 
the dynamical equations are given by the Navier-Stokes [5] and conservation 
of mass density of the fluid equations which do not contain Cartan torsion 
whatsoever. In other words, the dynamics of the effective gravity here is not 
given by the Einstein equations, let alone by the Einstein-Cartan equations 
[6]. Torsion only appears when we compare the fluid equations with the 
wave equation in the RC real spacetime. The effective or sonic torsion ap- 
pears then, in terms of the parameters of the fluid such as rotation and fluid 
velocity. In this paper we consider the generalization of the previous paper 
[2] to the case where viscosity appears together with rotation. One of the 
main advantages to include viscosity is not only to make the fluid more real 
(apart from superfluids which has the advantage of not possessing viscosity 
at all) is, as shown by M. Visser [7] to be able to deal with interesting physical 
phenomena as acoustic Lorentz violation. One of main differences between 
this previous work and the present one is that here we consider that viscosity 
is present partly in the acoustic torsion and in the Visser approach viscosity 
is present only in the acoustic metric. To take this advantage in the present 
work we also show that the acoustic torsion is able to induce acoustic Lorentz 
violation in strong gravitational analogy with recent work by Kostelecky [8] 
where he shows that explicitly Lorentz violation is found to be imcompati- 
ble with generic RC geometries , but spontaneous Lorentz breaking avoids 
this problem. By considering viscosity and fluid vorticity we also pave the 
way to built a non-Riemannian approach to turbulent flow. The paper is 
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organized as follows: In section 2 we briefly review the RC wave equation 
of massless fields while in section 3 we present the new material concerning 
the non-Riemannian geometry of viscous rotational fluids and its vorticity 
perturbation, followed by the comparison with the RC wave equation and 
consequent derivation of the acoustic torsion. Section 4 presents the break- 
ing of acoustic Lorentz symmetry through acoustic torsion and viscosity and 
vorticity of the classical fluid. Section 5 contains also new material and we 
provide an example of teleparallel gravity torsion loop which metric can be 
mapped with the Lensc-Thirring (LT) metric as long as the LT rotation can 
be associated to torsion. Since we recently show that the Letelier teleparallel 
loops can be associated to the metric of superfluid '^He we may consider that 
this example is similar to the Volovik [8] example of associating the LT metric 
to be an analog model for the superfluid model with rotation. The basic dif- 
ference with Volovik's example is that his case does not contain torsion and 
that his metric represents the motion of phonons around the vortex in "^He 
superfluid. In section 6 conclusions are presented. In this paper we also re- 
spond to some criticism concerning our previous work [2] where irrotational 
perturbations would have been contaminated by the background vorticity 
and this would have spoiled our acoustic torsion model. This problem here 
does not appear since the background flow is already rotational. 



2 Wave Equation in Riemann-Cartan Space- 



in general relativistic analogue models the fluid equations are expressed in 
terms of the Riemannian wave equation for a scalar fleld ^' in the form 



where n^*^"* represents the Riemannian D'Lambertian operator given by 



time 



□ 
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(2) 



In this case = 0, 1, 2, 3) where g represents the determinant of the effec- 
tive Lorentzian metric which components are Qqq = — ^{v^ — (?) ,gQi = — ^(fj), 
gii = 5*22 = 5'33 = 1, others zero. Throughout this paper c represents the 
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speed of sound, which quanta are given by the phonons, p the fluid density, 
and V is the velocity of the fluid. Applying minimal coupling of torsion to 
the metric one obtains the covariant derivative of an arbitrary vector field 
Bk in RC spacetime 

Vj-Bj = djBj — Vij^Bk (3) 

where F is the RC spacetime connection given in terms of the Riemannian- 
Christoffel connection V by 

—^ij — (4) 

where Kij' are the components of the contortion tensor. These formulas 
allow us to write the non-Riemannian D'Lambertian as 

To simplify future computations wc consider the trace of contortion as given 
by g'^^ Kij^ := K'^. We also define \t'* = This definition allows us to 

express the non-Riemannian D'Lambertian of a scalar function as 

□ ^ = nffiem^ ^ X'^dk'if (6) 
Thus the non-Riemannian wave equation 

= (7) 

reduces to the following equation 

□ ffiem^ = -K^d^^ (8) 

In the next section we shall present the dynamics of analog models through 
the Navier-Stokes and conservation of mass equation. 



3 Dynamics of analog models in rotational 
viscous fluids 

Consider the dynamics of the non-relativistic fluids by expressing the con- 
servation of mass equation and the Navier-Stokes equation by 

dtp + V.{pv)={) (9) 
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(^)^^xn-^-V(<^+^i;2) + i^V2{; (10) 

where v is the viscosity coefficient, the potential energy of the fluid and p 
is the pressure. Here Q = VxiT and v — represents the vorticity of the 
fluid and the vector velocity in terms of the stream function [9] x = 
Performing the perturbation to these equations according to the perturbed 
flow quantities 

^ = ^o + e^^ (11) 
V = vq^ evi (12) 
P = Po + epi (13) 

n = Qo + eQi (14) 

Here we consider that both the velocity of the original fluid vq and the per- 
turbed velocity are rotational fluids. This is according to the rule that a fluid 
that is initially irrotationally shall remain irrotationally. The rotation 

= Vx^Ti = VxxV^i (15) 

Substitution of these expressions into the conservation equation yields 

dtpi + V.{p-iVo + povi) = (16) 

using ^ = + where ^ = ^Vp, the Navier-Stokes equation becomes 

-at(v^i) + — -^ro.v^i + z^vV-a = o (i?) 

Po 

where 

Va:=-QoXxV* (18) 
which to first order in e yields 

VcKi = -(OoXiTi + ilix-uo) (19) 
A simple vector algebra yields 

o^i = j Vcti-fif = - j {QqXVi + dixvo). df (20) 
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Rearranging terms in the Navier-Stokes equation 

Pi = Poxldt^^i + vq.W^i + ^ - uV^^i] (21) 

X 

Substitution of pi into the conservation equation yields 

-5t(x|^po[5t*i+^^o-v*i+— -j/v2*i])+v.[xpo(v*i-|^iro(at*i+^;o.v*i+— -j/V'*i))] = 

dp X dp X 

(22) 

By comparison of this equation with the RC wave equation we see that the 
Riemannian wave part reproduces Unruh metric while the new parts yields 
the following components of Cartan contortion 

K = Pl[jyW{Vx.Vo) + X^oxvo] (23) 

Note that in this formula, even if the background vorticity Qq vanishes the 
spatial part of the acoustic contortion K does not vanish, but it is propor- 
tional to the viscosity. To obtain this formula we use the vector analysis 
identity t'o.rioX V\E'o = since Vq is proportional to V\E'o- The geometri- 
cal interpretation of acoustic torsion being related to viscosity and vorticity 
seems to be in agreement with the Cartan idea that the torsion would be not 
only proportional to rotation but also to the translation which would cause 
viscosity. The Magnus effect could also be represented by torsion since it 
represents a lift plus a rotation of a cylinder inside a fluid. At this point 
is interesting to pointed out that the apparent distinction between Visser's 
approach and ours could be solved if we use tclcparallel geometry for acoustic 
torsion since in this case there will be an equivalence between general rela- 
tivity and the non- Riemannian geometrical gravity. The time component of 
the contortion reads 



K'dt^i = ^dtii^V + Vo.{noy<y + V)]^i (24) 
where we have used that ^ = 4. Note also that the contortion component 

op -"^ 

is a dissipation coefficient to this equation. Throughtout the compu- 
tations we have also considered the imcompressibility of the classical fluid 
(in this section we are considering normal part of the superfluid since the 
viscosity is non- zero). 
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4 Acoustic Lorentz symmetry breaking by acous- 
tic torsion 

M. Visser [8] has been able to incorporate viscosity of the flow into the 
acoustic metric by couphng the term V^^i to the flat part of the metric. In 
this section we shall discuss the possibility of considering the acoustic torsion 
inducing acoustic Lorentz violation, taking the advantage of the presence 
of acoustic torsion in our formulation of the non-Riemannian geometry of 
viscous flow endowed with vorticity [2]. Let us consider the viscous wave 
equation endowed with vorticity 

dt^^i = c'V'^i + dtiuV^ + vo.{noxV + V)]^i (25) 

we shall now consider the eikonal approximation in the form 

= a{x)exp{—i[u)t — k.x\) (26) 

with a{x) a slow varying function of position which is equivalent to Va(x) 
being approximately zero throughout the computations. Wc also do not 
consider derivatives of the metric. Thus the viscous wave equation with 
vorticity in the eikonal approximation reads 

o^ = P+l^±\|c'k^-^^^ + P' + Pl+^-^'^ (27) 

— * 

where to simplify matters we have deflned the following quantities: (3 :— v.k 
and 7 := VQ.Q.QXk. Prom these quantities and the dispersion formula one 
notes that the first term is due to the bulk motion of the fluid, the second 
term is due to the rotational and viscosity contributions to Lorentz violation 
while the the last term is the dissipative term. Note that the Lorentz violation 
is supressed at low momentum. Note also that vorticity adds a term to the 
bulk matter contribution to oj. Besides we note that the dissipative term 
does not have the contribution of vorticity. 
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5 Teleparallel loops and the Lense-Thirring 
metric in superfluid ^He 

Recently we have shown [2] that the Leteher metric representing a teleparallel 
torsion loop [11] is given by the metric 

ds'^ = {dt + B.df)^ - {dx^ + dy"^ + dz^) (28) 

where B — {B^, By, Bz) is an arbitrary vector and f — {x,y,z), could be 
mapped to the acoustic metric of Unruh describing superfluid '^He. This 
metric can be written in terms of the basis 1-form a;* where = 0, 1, 2, 3) 
as 

ds"" = - (uj'f - (uY - i^'f (29) 

where a;° = {dt + B.dr), a;" = dx"', and (a, b = 1, 2, 3). Let us now consider 
that torsion form is given by 

T° = eabcJaU^'Aco" (30) 

Here Cabc is the 3 — D Levi-Civita totally skew symbol. Other torsion com- 
ponents T" = 0. Prom the Cartan's second structure equation 

T = dou' + LuiAuj^ (31) 

one obtains the following [2] nonvanishing connection one-form 

2u;^ = -e^'^^irotB - J^o;" (32) 

Note that as pointed out by Letelier the relation 

J = VxB (33) 

The connection one-forms u^k would vanish on a T4 teleparallel spacetime 
where the full RC curvature would vanish according to the the first Cartan's 
structure equation 

Ri. = ^Rj^iu'^Au^ = dcu'j + co'pAujPj (34) 
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Letelier [11] considered that teleparallel torsion loops could be produced by 
choosing a torsion form as a distribution with support along a curve C with 
parametric equation x' — x'{X) and taking the torsion vector J as 

Jk{x) = ISk\x,C) (35) 

This is a two-dimensional distribution with support on the line C. The intc- 
grability condition of the curl free for B expression is V.J = 0. Application 
of above integrability condition to Dirac distribution for torsion J expression 
one obtains 

V. J(f) ^6%x- x'i) -S^{x- x'f) (36) 
Thus in order that the torsion vector J be divergent-free one must impose 

— * — * 

that the final and initial points coincides or x'i — x'f. In this section we 
show that the Letelier metric can also be mapped to the LT metric 

ds^ = (1 - ^)dt' + 2{^)p^d(j)dt + ^dr» (37) 

where the LT angular velocity ujlt — It is easy to note that the Leteher 
and LT metric can be mapped into each other as long as we consider that 

J = V*xB* (38) 

where V* = {dt, da) and B* := (Bt, Ba), where a = 1,2. By considering that 
:= Q the Letelier reduced equation reduces to 

^ = J0 = Q (39) 

By solving this equation we have the trick to map Letelier metric to LT 
spacetime given by B^ = Qp since in the LT metric Q is constant. Thus the 
LT metric can describe a superfluid where the acoustic torsion is given by 
the LT angular velocity as demonstrated in the previous section on acoustic 
torsion in classical incompressible fiuids with viscosity. 



6 Conclusions 



We have shown that the LT metric can be considered an acoustic superfluid 
metric where sonic torsion is given by the LT angular velocity. This is actually 
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a simple example of the use of acoustic torsion in classical and quantum fluids. 
Future prospects include the investigation of a sonic black hole endowed with 
acoustic torsion and possible contributions to the acoustic Hawking effect. 
The acoustic Lorentz breaking due to acoustic torsion analog of vorticity and 
viscosity is explicitly demonstrated by making use of an eikonal geometric 
acoustic approximation. 
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